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The effect of soluble surfactants on the unsteady motion and deformation of a bubble rising in an
otherwise quiescent liquid contained in an axisymmetric tube is computationally studied by using a
finite-difference/front-tracking method. The unsteady incompressible flow equations are solved fully
coupled with the evolution equations of bulk and interfacial surfactant concentrations. The surface
tension is related to the interfacial surfactant concentration by a nonlinear equation of state. The
nearly spherical, ellipsoidal, and dimpled ellipsoidal-cap regimes of bubble motion are examined. It
is found that the surfactant generally reduces the terminal velocity of the bubble but this reduction
is most pronounced in the nearly spherical regime in which the bubble behaves similar to a solid
sphere and its terminal velocity approaches that of an equivalent solid sphere. Effects of the
elasticity number and the bulk and interfacial Peclet numbers are examined in the spherical and
ellipsoidal regimes. It is found that the surface flow and interfacial surfactant concentration profiles
exhibit the formation of a stagnant cap at the trailing end of the bubble in the ellipsoidal regime at
low elasticity and high interfacial Peclet numbers. Bubble deformation is first reduced due to
rigidifying effect of the surfactant but is then amplified when the elasticity number exceeds a critical

value due to overall reduction in the surface tension. © 2008 American Institute of Physics.

[DOI: 10.1063/1.2912441]

I. INTRODUCTION

Surface active agents (surfactant) are either present as
impurities that are difficult to remove from a system or they
are deliberately added to fluid mixtures to manipulate inter-
facial flows. It has been well-known that the presence of
surfactant in a fluid mixture can critically alter the motion
and deformation of bubbles moving through a continuous
liquid phase.l’2 Probably, the best known example is the re-
tardation effect of surfactant on the buoyancy-driven motion
of small bubbles. Numerous experimental studies'** have
shown that the terminal velocity of a contaminated spherical
bubble is significantly smaller than the classical Hadamard—
Rybczynski predictions’6 and approaches the terminal veloc-
ity of an equivalent solid sphere. The physical mechanism
for this behavior was first consistently explained by Frumkin
and Levich’ by noting that the surfactant adsorbed from the
bulk fluid is convected toward the back of the bubble and the
resulting Marangoni stresses act to reduce the interface mo-
bility. This reduction in surface mobility increases the drag
force and, thus, reduces the terminal velocity.l’z’8

The effect of surfactant on the rise of a single spherical
bubble of various diameters has been experimentally studied
by Bel Fdliha and Duineveld’ and more recently by Zhang
and Finch.'” Bel Fdliha and Duineveld’ measured the steady
terminal rise velocity of bubble and reported a dependence
on the bulk surfactant concentration. Zhang and Finch'”
measured the transient rise velocity of a spherical bubble for
three different bulk surfactant concentrations. They showed
that the distance to reach a steady-state gets shorter but the
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steady rise velocity remains the same as the bulk surfactant
concentration increases. The motion of clean gas bubbles
through capillaries with significant deformations and
breakup has been studied by Borhan and Pallinti.'"'? The
effect of surfactant on the steady motion of a buoyancy-
driven bubble moving through a capillary tube with signifi-
cant deformations but without breakup was recently experi-
mentally studied by Almatroushi and Borhan." They found
that the contamination retards the motion of small bubbles
due to the development of adverse Marangoni stresses,
whereas it enhances the mobility of large bubbles by increas-
ing their deformability away from the tube wall. They also
found that the steady rise velocity of small bubbles is unaf-
fected, while the mobility of large bubbles is slightly in-
creased as the bulk concentration is increased.

Due to complexity of the boundary conditions at deform-
ing interface, the problem has been usually studied by using
the simplifying assumptions of a nondeforming spherical
bubble and the creeping flow limit. However, even in this
limit, no complete analytical solution has been achieved.
Frumkin and Levich’ proposed a uniformly retarded interfa-
cial velocity model that was also adopted by He et al..® but
this model has proved to be insufficient to fully explain ex-
perimental observations.™'* Savic'’ suggested the stagnant-
cap model based on his own experimental observations. The
stagnant-cap regime has been then extensively studied by
several authors including Grifﬁth,16 Harper,”"20 Davis and
Acrivos,21 Holbrook and Levan,zz’23 Sadhal and Johnson,24
and He et al.” They all assumed creeping flow equations and

© 2008 American Institute of Physics
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computed the drag force as a function of cap angle for a
buoyancy-driven motion of a spherical bubble. In this regard,
Harper”_20 has made outstanding theoretical contributions to
the problem and further studied diffusion boundary layer of
surfactant around a stagnant-cap bubble, allowing both for
adsorption and diffusion.”’ Bel Fdliha and Duineveld’ ex-
tended the method developed by Sadhal and Johnson®* to
finite Reynolds numbers by solving the momentum equations
around a spherical bubble with the stagnant-cap boundary
conditions. Leppinen et al. 2627 and McLaughlin28 took a step
forward and considered deforming interfaces but they both
ignored the surfactant solubility. On the other hand, Cuenot
et al.*® considered the surfactant solubility but ignored
bubble deformation and demonstrated the validity of
stagnant-cap model to describe flow around a bubble slightly
contaminated by a soluble surfactant. They also found that a
simple relation between cap angle and bulk concentration
cannot generally be obtained since diffusion from the bulk
plays a significant role. Takemura®® used a similar method to
study the effects of Reynolds number and bulk surfactant
concentration on the adsorption and the terminal velocity of
a single bubble in an unbounded domain. They found that
surfactant adsorption at the front of the bubble with respect
to rise direction is lower than that at the back, and this dif-
ference increases with increasing Reynolds number and/or
decreasing bulk surfactant concentration. Wang et al*' theo-
retically studied the slow motion of contaminated gas
bubbles steadily rising in an unbounded liquid in creeping
flow and showed that the mobility of surfactant-retarded
bubble interface can be increased by raising the bulk surfac-
tant concentration. Recently, Palaparthi et al.*? theoretically
and experimentally studied the effects of soluble surfactants
on the motion of a spherical bubble in the stagnant-cap re-
gime. They showed that very small bulk concentration can
immobilize the entire bubble surface.

Full Navier—Stokes simulations with finite-rate mass ex-
change between the interface and bulk fluid have been re-
cently performed by Sugiyama et al,® Liao and
McLaughlin,34 and Li and Mao.” Sugiyama et al.> extended
the study by Cuenot et al.*® and allowed the bubble defor-
mation. They solved the full Navier—Stokes equations
coupled with an equation for the surfactant concentration on
a body-fitted orthogonal grid and studied the effect of soluble
surfactants on the motion of a deformable bubble in an un-
bounded domain. Liao and McLaughlin34 studied the effects
of soluble surfactant on unsteady motion of a single bubble
rising in an unbounded water reservoir. They used a
vorticity-stream function formulation with an adaptive body-
fitted grid similar to the method developed by Ryskin and
Leal.*® They reported the time evolution of bubble rise ve-
locity as a function of bulk surfactant concentration and sur-
factant solubility. Li and Mao®” also used a body-fitted grid
method and simulated the steady axisymmetrical motion of a
single drop in an unbounded domain at moderate Reynolds
numbers. They found that drag coefficient is significantly
influenced by a minute amount of the surfactant, and the flow
structure is sensitive to the bulk surfactant concentration.
The common deficiencies of the previous full Navier—Stokes
simulations can be summarized as follows:
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(1) The wall effects are totally ignored and the bubble is
assumed to be rising in an infinite domain. In many ap-
plications, the bubble moves through a finite size chan-
nel and channel walls have significant influence on mo-
tion and deformation of the bubble.""?

(2) The terminal velocity of bubble is fixed throughout the
simulation, which is impossible to experimentally
achieve. Only exception is that Liao and McLaughlin3 4
allowed the bubble to rise from rest but Liao er al.”’
reported significant numerical inaccuracies making their
results unreliable.

The aim of the present paper is to remedy these deficien-
cies and investigate unsteady motion and deformation of a
contaminated gas bubble rising in an otherwise quiescent
liquid contained in an axisymmetrical capillary tube. For this
purpose, the incompressible Navier—Stokes equations are
solved fully coupled with the evolution equations of the in-
terfacial and bulk surfactant concentrations by using a finite-
difference/front-tracking method developed by Muradoglu
and Tryggvason.38 A nonlinear equation of state based on the
Langmuir adsorption39 is used to relate the surface tension
coefficient to the interfacial surfactant concentration. A
nearly spherical, ellipsoidal, and dimpled ellipsoidal-cap re-
gimes are studied. The effect of tube wall on the terminal
velocity of clean and contaminated bubble in the nearly
spherical regime is investigated and the results are compared
with the experimental correlations collected by Clift et al.
Extensive computations are performed to show the time evo-
lution of interfacial and bulk surfactant concentrations, the
effects of governing nondimensional numbers such as elas-
ticity number, Peclet number based on bulk surfactant diffu-
sivity, Peclet number based on interfacial surfactant diffusiv-
ity, Damkohler number, and E6tvos number on the terminal
velocity and on the overall flow structure.

In the next section, the mathematical formulation is pre-
sented and the numerical method is briefly reviewed. The
results are presented and discussed in Sec. III and conclu-
sions are presented in Sec. I'V.

Il. FORMULATION AND NUMERICAL METHOD

The physical problem and computational domain are
sketched in Fig. 1. The left boundary is the axis of symmetry
and the flow is periodic in the axial direction. Here, the flow
equations are described in the context of the finite-
difference/front-tracking method. The fluid motion is as-
sumed to be governed by the incompressible Navier—Stokes
equations and we solve for the flow everywhere, both inside
and outside of the bubble. By following Unverdi and
Tryggvason,40 a single set of governing equations can be
written for the entire computational domain provided that the
jumps in material properties such as density, viscosity, and
molecular diffusion coefficient are correctly accounted for
and surface tension is included.

In an axisymmetric coordinate system, the Navier—
Stokes equations in conservative form are given by
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FIG. 1. Schematic illustration of the computational setup for a buoyancy-
driven bubble rising in an axisymmetrical channel with soluble surfactant.
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where u and v are the velocity components in the radial and
axial directions, respectively, p is the pressure, g is the gravi-
tational acceleration, and p and u are the discontinuous den-
sity and viscosity fields, respectively. The effects of surface
tension is included as a body force in the last term on the
right hand side, where o is the surface tension that is a func-
tion of the surfactant concentration I' at the interface, « is
twice the mean curvature, and n is a unit vector normal to the
interface. The surface tension only acts on the interface as
indicated by the three-dimensional delta function &, whose
arguments x and X, are the point at which the equation is
evaluated and the point at the interface, respectively. By fol-
lowing Jan*' and Muradoglu and Tryggvason,38 the buoy-
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ancy force is added to the right hand side of the momentum
equation in the form (p—p)g, where p is the average density
of the whole computational domain. Note that the extra term
pg in Eq. (1) is a hydrostatic force added to keep the net
vertical momentum constant.*!

The Navier-Stokes equations are supplemented by the
incompressibility condition,

Vi v _

+ 2
r or 0z @

We also assume that the material properties remain to be
constant following a fluid particle, i.e., Dp/Dt=0 and
Du/Dt=0, where D/Dt is the material derivative. The den-
sity and viscosity discontinuously vary across the fluid inter-
face and are given by

P= pbl(r7zat) +P0[1 —I(r,Z,t)],

3)
w=ppl(r,z,0) + p[1 = 1(r,z,0)],

where the subscripts b and o denote properties of the bubble
and the ambient fluids, respectively, and I(r,z,7) is the indi-
cator function defined as

in bubble fluid,

1
I b ,t = . . 4
(r.2,1) {O in bulk fluid. “

Concentration of surfactant on the interface I' is defined as
=—, (5)

where M| is the adsorbed mass of surfactant and A is the
surface area. Surface tension decreases proportional to the
surfactant concentration at the interface according to the
equation of state derived from Langmuir adsorption,39

r
o=0,+RTI, ln(l—r—>, (6)
where R is the ideal gas constant, 7T is the absolute tempera-
ture, o is the surface tension of clean interface, and I',, is the
maximum packing concentration. Equation (6) can also be
written as

a'=a'{1+,831n(1—1%)}, (7)

where B,=RTI ../ 0, is the elasticity number. The physico-
chemical parameter (3, is a measure of the sensitivity of in-
terfacial tension to variations in surfactant concentration.
Equation (7) is slightly modified to avoid negative values of
the surface tension as

= [ 1 1(1 L)} (®)
o =0, max| €,,1 + B, 1n _Foo »

where €, is taken as 0.05 in the present study. The surfactant
concentration I" evolves by42

ar .
e (TU,) =D,V + S, 9)

where the gradient operator along the interface is defined as
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V,=V-n(n-V). (10)

In Eq. (9), U; is the tangential velocity on the interface, D, is

the diffusion coefficient along the interface, and SF is the
source term given by

Sp=k,C(T.-T)—k,T, (11)

where k, and k;, are adsorption and desorption coefficients,
respectively, and C; is the surfactant concentration in fluid
immediately adjacent to the interface. The bulk surfactant
concentration C is governed by the advection-diffusion equa-
tion

%‘FV‘(CU):V'(DCOVC)’ (12)

where the coefficient D, is related to the molecular diffusion
coefficient D, and the indicator function / as

D.,=D[1~-1(r,z,1)]. (13)

The source term in Eq. (9) is related to the bulk concentra-
. 43
tion as

SF == Dw( n- VC|interface)- (14)

By following Muradoglu and Tryggvason,38 the boundary
condition at the interface given by Eq. (14) is first converted
into a source term in a conservative manner by assuming that
all the mass transfer between the interface and the bulk takes
place in a thin adsorption layer adjacent to the interface. In
this method, total amount of mass adsorbed on the interface
is distributed over the adsorption layer and added to the bulk
concentration evolution equation as a negative source term in
a conservative manner. Equation (12) thus becomes

JC .
V- (C)=V (D, VO + S, (15)

where Sc is the source term evaluated at the interface and
distributed onto the adsorption layer in a conservative man-
ner. With this formulation, all the mass of the bulk surfactant
to be adsorbed by the interface has been already consumed in
the adsorption layer before the interface. Hence, the bound-
ary condition at the interface simplifies to be n-VClierace
=0.

The flow equations [(Egs. (1) and (2))] are solved fully
coupled with the evolution equations for interfacial concen-
tration [Eq. (9)] and for bulk concentration [Eq. (15)] by the
finite-difference/front-tracking method.™ The momentum
and the continuity equations are discretized by using a first-
order time integration method and a second-order centered
difference approximation for the spatial derivatives. The dis-
cretized equations are solved on a stationary, staggered Eu-
lerian grid by using the marker-and-cell method.** The bulk
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surfactant concentration is stored at the same location as the
pressure on the staggered grid. The evolution equation for
the bulk surfactant concentration is solved fully coupled with
the flow equations by using second-order centered differ-
ences for the spatial derivatives and a first-order Euler
method for the time integration. No-slip and no-flux bound-
ary conditions are applied at the tube wall, while the sym-
metry and periodic boundary conditions are used at the tube
centerline and in the axial direction, respectively.

A separate Lagrangian grid is used to track the bubble-
ambient fluid interface. The Lagrangian grid consists of
linked marker points (the front) that move with the local flow
velocity that is interpolated from the stationary Eulerian grid.
The piece of the Lagrangian grid between two marker points
is called a front element. The interfacial surfactant concen-
tration equation (9) is solved on the Lagrangian grid by using
second-order centered differences for the spatial derivatives
and a first-order Euler method for the time integration. The
Lagrangian grid is also used to find the surface tension,
which is then distributed onto Eulerian grid points near the
interface by using Peskin’s cosine distribution function,*
and added to the momentum equations as body forces as
described by Tryggvason et al.*®

An indicator function is defined such that it is unity in-
side the bubble and zero outside. At each time step, the in-
dicator function is computed and is used to set the fluid
properties inside and outside the bubble. To do this, unit
magnitude jumps are distributed in a conservative manner on
the Eulerian grid points near the interface by using Peskin’s
cosine distribution function® and are then integrated to com-
pute the indicator function everywhere. The computation of
the indicator function requires solution of a separable Pois-
son equation and yields a smooth transition of the indicator
function across the interface. Then, the fluid properties are
set as a function of the indicator function. The indicator
function is also used to distribute the surfactant source term
outside of the bubble.*

The Lagrangian grid is restructured at every time step by
deleting the front elements that are smaller than a prespeci-
fied lower limit and by splitting the front elements that are
larger than a prespecified upper limit in the same way as
described by Tryggvason et al.*® to keep the front element
size nearly uniform and comparable to the Eulerian grid size.
Restructuring the Lagrangian grid is crucial since it avoids
unresolved wiggles due to small elements and lack of reso-
lution due to large elements. Note that restructuring the La-
grangian grid is performed such that the mass conservation is
strictly satisfied for the surfactant at the interface. The details
of the front-tracking method can be found in the works of
Unverdi and Tryggvason40 and Tryggvason et al.*® For a
complete description of the finite-difference/front-tracking
method for the interfacial flows with soluble surfactants, re-
fer to the work of Muradoglu and Tryggvason.38

The governing equations are solved in their dimensional
forms, and the results are expressed in terms of relevant non-
dimensional quantities. Let £ and U be appropriately defined
length and velocity scales, respectively, and 7=L/U be the
time scale, then governing nondimensional numbers can be
summarized as



040805-5 The effect of soluble surfactant
0.3 T
—Clean
D/d decreasing - - -Contaminated
0.25f E
0.2l =32
£ 0.15

01fF ™~

0.05

0 20 40 A 60 80 100
t

(a)

Phys. Fluids 20, 040805 (2008)

0.25
0.2F
0.15f
Lo}
i
0.1f
// —— Fluid sphere (Clift et al.)
'
ﬁ; ——L/D = 20 (clean)
0.05f ks ' .
& - - - Solid sphere (Clift et al.)
’
9’ - ®- L/D = 20 (contaminated)
0 . . \ \ \ \
0 25 5 7.5 10 12.5 15 17.5

D/d

(b)

FIG. 2. (Color online) Spherical bubble. (a) Reynolds number vs nondimensional time for D/d=1.6, 2.5, 5, 7.5, 10, and 15, and (b) steady Reynolds number
vs nondimensional channel diameter for clean (solid lines) and contaminated (dashed lines) bubbles. (Eo=1 and Mo=0.1.)

pOUL UL UL Py Mp
= s PCC: -, Pes: R
Mo D, Dy p, Mo
(16)
k,C. kL r. RTT,,
k= . Bi=—+, Da=—7-, B;= ;
kb Z/{ ECw (o

where Re, Pe,, Pe,, k, Bi, Da, and S, are the Reynolds num-
ber, the Peclet number based on bulk surfactant diffusivity,
the Peclet number based on interface surfactant diffusivity,
the dimensionless adsorption depth, the Biot number, the
Damkohler number, and the elasticity number, respectively.
Note that Pe, and Pe, are referred as the bulk and interfacial
Peclet numbers, respectively.

lll. RESULTS AND DISCUSSION

We consider a straight cylindrical capillary tube of ra-
dius R and assume that the flow is axisymmetric. The physi-
cal problem and computational setup are sketched in Fig. 1.
The computational domains are R in radial direction and L in
the axial direction. Periodic boundary conditions are applied
in the axial direction. Symmetry and no-slip boundary con-
ditions are utilized at the centerline and at the wall of the
tube, respectively. The bubble is initially located at the chan-
nel centerline close to the south boundary. The interface is
initially clean and the surfactant concentration is uniform in
the bulk fluid at C=C,. The bubble rises in the tube solely
due to density difference between the bubble and the ambient
fluids.

Besides the nondimensional numbers given by Eq. (16),
there are four additional independent parameters for this
problem: The Eo6tvos number Eo=Apgd?/o,, the Morton
number MozApg,u,f)/ pzoj, the nondimensional channel di-
ameter D/d, and the nondimensional channel length L/d.
The length and velocity scales are taken as L£=d/2 and U
=Vqr, respectively, where Vi is the terminal velocity given
by Hadamard-Rybczynski solution' for a spherical bubble
moving in an infinite domain, i.e.,

2
_2ga’Ap p,+ ’ (17)
2+ 3 p
where a is the bubble radius. The time scale is then defined
as 7=L/U. The parameters Pe., Pe,, Bi, and Da are defined
based on these scales. However, nondimensional time (*)
and Reynolds number (Re) are defined by using the actual
bubble terminal velocity (V) as the velocity scale and vd/ g
as the time scale to facilitate direct comparison of the com-
putational results with the available experimental data.

First, we study the effects of surfactant on the terminal
velocity of a nearly spherical bubble slowly moving in an
axisymmetrical channel of various diameters. For this pur-
pose, computations are performed for clean and contami-
nated bubbles moving in a channel with the diameters rang-
ing between D=1.6d and 15d. Computations are performed
by keeping the nondimensional parameters constant at L/d
=20, py/p,=0.1, wy/p,=0.025, Pe.=10, Pe,=100, k=1,
Da=10, Bi=20, and B,=0.5. The Eotvos and Morton num-
bers are chosen as Eo=1 and Mo=0.1 for which a clean
bubble moves slowly with a nearly spherical shape. The
steady Reynolds number based on the bubble terminal veloc-
ity in an unbounded domain is 0.26, which is well within the
validity of the experimental correlations collected by Clift
et al." for clean and contaminated bubbles. Note that this
case is referred as “spherical bubble” in this paper.

The grid convergence of the present finite-difference/
front-tracking method has been examined,”® and it was dem-
onstrated that it is sufficient to resolve the bubble with about
40 grid points in the axial direction to reduce the spatial error
below 5% for such problems. Therefore, a similar grid con-
vergence study is not repeated here and computational grids
are selected such that the bubble is resolved by about 40 grid
points in the axial direction in all results presented in this
paper unless specified otherwise.

The Reynolds number is plotted in Fig. 2(a) as a func-
tion of nondimensional time for the clean and contaminated
bubbles moving in a channel with D/d=1.6, 2.5, 5.0, 7.5,
10.0, and 15.0. The retardation effect of the surfactant is
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FIG. 3. (Color online) Spherical bubble. The streamlines and the velocity
vectors at steady-state in a coordinate system moving with the bubble cen-
troid for (a) a clean bubble and (b) a contaminated bubble. Every third grid
points are used in the velocity vector plots. (Eo=1 and Mo=0.1.)

clearly seen in this figure; i.e., in the clean case, the bubble
continuously accelerates and reaches a steady Reynolds
number (or terminal velocity), while in the contaminated
case, the bubble first accelerates, reaches a peak velocity but
then decelerates as the surfactant accumulates at the inter-
face, and finally reaches a steady Reynolds number. The
computed steady Reynolds number is plotted in Fig. 2(b) as
a function of the channel confinement (D/d) and compared
to the available experimental data collected by Clift et al
both for the clean and contaminated cases. Note that, in the
contaminated bubble case, the computational results are
compared to the experimental correlation obtained for an
equivalent solid sphere to show the rigidifying effect of the
surfactant. The computational results are shown by con-
nected symbols, while the experimental data are shown by
solid and dashed lines for the fluid and solid spheres, respec-
tively. As seen in Fig. 2, there is good agreement between the
computational and experimental results for the clean bubble
case, and the steady Reynolds number of the contaminated
bubble approaches that of an equivalent solid sphere. The
small discrepancy between the computed and experimental
results for the clean bubble is partly attributed to the finite
length of the periodic channel, and the difference decreases
as the channel length increases as discussed by Muradoglu
and Tryggvason.38 The flow fields are plotted in Fig. 3 both
for the clean and contaminated bubbles rising in a large
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channel with D=15d and L=20d when bubbles reach a
steady motion. A big vortex is created inside the clean
bubble, while the vortex inside the contaminated bubble
nearly vanishes as it reaches a steady motion, as depicted in
Fig. 3(b). This visually indicates the immobilization of the
interface by the surfactant. The streamline patterns also
change as the bubble gets contaminated. The spacing be-
tween streamlines is smaller when the bubble is clean and
becomes larger as the bubble gets contaminated. The immo-
bilizing effect of surfactant can be better seen from the sur-
face velocities of the clean and contaminated bubbles plotted
in Fig. 4(a). In this figure, the nondimensional surface ve-
locities are plotted as a function of nondimensional arc
length measured from the centerline in the counterclockwise
direction for the nondimensional channel diameters of D/d
=1.6, 2.5, 5.0, and 15.0 at r*=100. Figure 4(a) clearly shows
that the nondimensional steady surface velocity nearly van-
ishes for the contaminated bubble case. On the other hand,
the clean bubble surface has a significant velocity and it de-
creases while D/d ratio decreases due to the increased wall
effect. The wall effect is also apparent in distribution of in-
terfacial surfactant concentration, as seen in Fig. 4(b), where
variation of interfacial surfactant concentration is plotted as a
function of non-dimensional arc length. The wall has a con-
siderable effect on the interfacial surfactant concentration
when D/d=<?2.5, and the wall effect quickly reduces and be-
comes negligible when D/d=5.

Computations are performed to examine the effect of the
elasticity number on the motion of a spherical bubble rising
in a channel with D=5d. For this purpose, the elasticity num-
ber is varied between 8,=0 and 1 and Pe.=1000, while the
other parameters are kept the same. Figure 5 shows the
bubble interface together with the contour plots of the con-
stant surfactant concentration in the bulk fluid and the sur-
factant concentration distribution along the interface for S
=0.1 and 1 at #*=103.1. The interfacial surfactant concentra-
tion becomes smoother as B, increases mainly due to re-
duced mobility of interface for larger values of S,. Con-
versely, as 3, decreases, the interface mobility increases so
that the surfactant adsorbed at the leading edge of the bubble

Normalized Arclength (s*)

(b)

FIG. 4. (Color online) Spherical bubble. (a) Surface velocity profiles of a clean (solid lines) and a contaminated (dashed lines) bubble, and (b) the interfacial
surfactant concentration profiles for the channel diameters D/d=1.6, 2.5, 5, and 15 at r*=100. (Eo=1 and Mo=0.1.)
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FIG. 5. (Color online) Spherical bubble. The contour plots of constant sur-
factant concentration in the bulk fluid (left side) and the distribution of the
surfactant concentration at the interface (right side) with B,=0.1 (left plot)
and 1 (right plot) at r*=103.1. Contour levels are the same in both cases.
(Pe,=1000, Eo=1, and Mo=0.1.)

The effect of soluble surfactant

is quickly convected along the interface resulting in accumu-
lation of surfactant at the back of the bubble. The effects of
B, on the interface mobility and on the interfacial surfactant
concentration distribution can be better seen in Fig. 6, where
the nondimensional surface velocity and interfacial surfac-
tant concentration are plotted as a function of nondimen-
sional arc length for B8,=0.1, 0.5, and 1 at r*=103.1. Here, as
B, increases, interfacial surfactant concentration becomes
more uniform and the magnitude of the surface velocity sig-
nificantly decreases.

For the spherical bubble case, we now examine the ef-
fect of the bulk Peclet number (Pe,). For this purpose, Pe, is
varied while the elasticity number is kept constant at S,
=0.5. The contour plots of the constant bulk surfactant con-
centration and the surfactant concentration distribution at the
interface are plotted in Fig. 7 for Pe.=25 and 1000 at r*
=103.1. As shown in this figure, the surfactant concentration
at the interface increases as Pe, decreases due to enhanced
diffusivity of the surfactant in the ambient fluid. A thin
boundary layer created on the bubble surface can also be
seen from the contour levels of the bulk concentration for
Pe,=1000. Figure 8 shows the variation of nondimensional
surface velocity and interfacial surfactant concentration as a
function of nondimensional arc length for Pe.=25, 100, 500,
and 1000 at r*=103.1. It is clearly seen that, as Pe,. de-
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oK

(Pe. = 25) (Pe. = 1000)

FIG. 7. (Color online) Spherical bubble. The contour plots of constant sur-
factant concentration in the bulk fluid (left side) and the distribution of the
surfactant concentration at the interface (right side) with Pe.=25 (left plot)

and 1000 (right plot) at #=103.1. Contour levels are the same in both cases.
(B,=0.5, Eo=1, and Mo=0.1.)

creases, the magnitude of the nondimensional surface veloc-
ity diminishes while the interfacial surfactant concentration
increases.

In the experiment, the bulk surfactant concentration is
usually varied while the other parameters are kept constant.
To mimic this, the Damkohler number is varied while keep-
ing the other parameters the same as in Fig. 4 for a bubble
rising in the channel with D=5d and L=20d. In Fig. 9, the
Reynolds number is plotted for various values of Damkohler
number ranging between Da=1.25 and 10. As can be seen in
this figure, the distance to reach a steady-state gets shorter as
Da decreases but the steady rise velocity seems to be inde-
pendent of Da. This is qualitatively in a good agreement with
the experimental observations of Zhang and Finch.'?

Next, we investigate the effect of the soluble surfactants
on the motion of a single bubble with significant deforma-
tion. We set Eo=10 and M0=0.001 for which a clean bubble
has an ellipsoidal shape in an unbounded domain as dis-
cussed by Clift er al.! For this case, the channel size is L
=50d in the axial direction and D=5d in the radial direction,
and it is resolved by a 96X 1920 uniform grid. The param-
eters are kept constant at p,/p,=0.1, u,/w,=0.025, k=1,
Da=10, and Bi=0.75. First, effect of the elasticity number is
examined. For this purpose, computations are performed for
B,=0, 0.1, 0.25, 0.5, and 1 while keeping Pe.=1000 and

0.7

__p, =01
..B,=05]]
B, =10

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Normalized Arclength (s*)

(b)

FIG. 6. (Color online) Spherical bubble. (a) The surface velocity and (b) interfacial surfactant concentration as a function of arc length measured from the

centerline in the counterclockwise direction for 3,=0.1, 0.5, and 1 at r*=103.1.
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FIG. 8. (Color online) Spherical bubble. (a) The surface velocity and (b) interfacial surfactant concentration as a function of arc length measured from the
centerline in the counterclockwise direction for Pe,=25, 100, 500, and 1000 at r*=103.1. (Eo=1 and Mo=0.1.)

Pe,=100. Figure 10 illustrates the variation of Reynolds
number as a function of the nondimensional time for various
elasticity values. As seen in this figure, terminal velocity
decreases with increasing elasticity number but the reduction
in the terminal velocity is not as dramatic as that observed in
the spherical regime. Note that the computed Reynolds num-
ber of the clean bubble is 23.8 which is in good agreement
with the experimental value of 23.3, see for instance, the
work of Clift er al.' The time evolutions of the surface ve-
locity and interfacial surfactant concentration are plotted in
Figs. 11(a) and 11(b), respectively, for B,=0.1 and B,=1.
The results are taken at ¥=9.7, 28.4, 48.4, and 67.8. It is
seen in Fig. 11(a) that the surface velocity does not signifi-
cantly change in the case of B,=0.1, while its amplitude
quickly decreases and the interface becomes nearly immobile
in the case of B,=1 as bubble approaches a steady motion.
The elasticity number also influences the interfacial surfac-
tant distribution, as seen in Fig. 11(b). In the case of small
elasticity number (8,=0.1), the surfactant adsorbed at the
leading edge of the bubble is quickly swept along the inter-
face and accumulated at the back of the bubble due to the
large surface mobility. The surfactant concentration is nearly
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FIG. 9. Spherical bubble. Reynolds number vs time for Da=10, 5, 2.5, and
1.25. (Eo=1 and Mo=0.1.)

flat at the back of the bubble and rapidly decreases at about
s*=0.6, which is consistent with the stagnant-cap theory.1
However, there is no discontinuity in the interfacial surfac-
tant concentration partly due to diffusion along the interface
and partly due to the Marangoni stresses acting in the oppo-
site direction of the flow shear stress. In the case of large
elasticity number (B,=1), the surfactant concentration is still
flat at the back and it decreases at the front of the bubble.
However, the distribution is more uniform and the transition
is much smoother than that in the case of B,=0.1. The elas-
ticity number also has a significant influence on the bubble
deformation and on the overall flow structure, as shown in
Fig. 12, where the contours of constant bulk surfactant con-
centration are plotted together with the surfactant distribution
at the interface in the top row, and the velocity vectors and
streamlines are plotted in the vicinity of the bubble with
respect to a coordinate system moving with the bubble cen-
troid in the bottom row for 8,=0.1, 0.25, 0.5, and 1. As seen,
the surfactant adsorbed by the interface is swept back by the
oncoming flow and accumulated there for all cases. How-
ever, the interfacial surfactant distribution gets to be more
uniform as the elasticity number increases due to enhanced

30

0 10 20 30 40 50 60 70
t

FIG. 10. Ellipsoidal bubble. Reynolds number vs time for 5,=0.0, 0.1, 0.5,
and 1.0. (Eo=10 and Mo0=0.001.)
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FIG. 11. (Color online) Ellipsoidal bubble. (a) Surface velocity and (b) interfacial surfactant concentration vs arc length measured from the centerline in the
counter-clockwise direction for 8,=0.1 (solid lines) and 1.0 (dashed lines) at times *=9.7, 28.4, 48.4, and 67.8. (Eo=10 and Mo=0.001.)

immobilizing effect of the surfactant at large S;. As the sur-
factant is convected back along the interface and is accumu-
lated at the back of the bubble, its concentration continu-
ously increases and eventually exceeds the equilibrium
interfacial concentration of the interface. After that, the ex-
cessive surfactant is released into the bulk fluid and the in-
terfacial surfactant concentration eventually becomes steady.
This can be clearly seen from the contour plots of the bulk
surfactant concentration in the top row of Fig. 12 and the
time evolution of the interfacial surfactant concentration in
Fig. 11(b) especially for the cases of small elasticity num-
bers, i.e., 8,=0.5. The surfactant is mainly released from the
interface into the bulk fluid near the stagnation points (e.g.,
at about s*=0.6 for this case), making the surfactant concen-
tration relatively high in the bulk fluid there. The elasticity
number also has a significant influence on the overall flow
structure, as seen in the velocity vectors and streamline plots
in the bottom row of Fig. 12. For instance, while there is a
big vortex created inside and a small recirculation region at
the back of the bubble for small elasticity numbers (e.g.,

B,=0.1), the big vortex is broken into two smaller vortices
and the recirculation region gets larger as the elasticity num-
ber is increased. It is also interesting to observe that, as the
elasticity number increases, the bubble deformation first de-
creases due to rigidifying effect of the surfactants but it then
increases due to overall reduction in surface tension. This
can be better seen in Fig. 13, where the bubble deformation
is plotted as a function of time for various values of B3,. Note
that the deformation is defined as

W, —H,
Wb+Hb’

(18)

deformation =

where W), and H,, are the maximum bubble dimensions in the
radial and axial directions, respectively. As can be seen in
Figs. 12 and 13, bubble deformation is larger in the case of
B,=0.1 than in B,=0.5 case but smaller than in B,=1 case.
The surface velocity and the interfacial surfactant distribu-
tion are plotted in Figs. 14(a) and 14(b), respectively, as a

FIG. 12. (Color online) Ellipsoidal bubble. (Top row) The contour plots of the constant surfactant concentration in the bulk fluid (left side) and the distribution
of the surfactant concentration at the interface (right side) with (from left to right) 8,=0.1, 0.25, 0.5, and 1.0. (Bottom row) The streamlines and the velocity
vectors in a coordinate system moving with the bubble centroid. Every third grid point is used in the vector plots. (Eo=10, Mo=0.001, Pe.=1000, Pe;

=100, and *=67.8.)
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FIG. 13. Ellipsoidal bubble. Effect of elasticity number on bubble deforma-
tion. (Eo=10, M0o=0.001, Pe,=1000, and Pe,=100.)

function of the arc length for various values of ;. Similar to
the spherical case, the surface mobility significantly reduces
and the surfactant distribution becomes more uniform along
the interface as B, increases.

The effect of the bulk Peclet number is also examined
for the ellipsoidal regime. For this purpose, computations are
performed for Pe.=25, 100, 500, and 1000 while keeping Pe,
and B, fixed at 100 and 0.5, respectively. The time evolution
of the surface velocity and distribution of the interfacial sur-
factant concentration are plotted in Figs. 15(a) and 15(b),
respectively, for Pe.=25 and 1000 cases. It can be seen from
these figures that both the surface velocity and interfacial
surfactant concentration reach steady state faster for Pe.
=25 than for Pe,=1000 due to enhanced surfactant diffusion
from bulk fluid to the bubble surface for small Pe.. The
constant contours of the bulk surfactant concentration and
the interfacial surfactant concentration distributions are plot-
ted in the top row of Fig. 16 at *=67.8, while the velocity
vectors and streamlines in the vicinity of the bubble are
shown in the bottom row. We observe that Pe,. does not have
a big effect on the interfacial surfactant distribution and over-
all flow structure in the range between Pe,=25 and 1000.

Phys. Fluids 20, 040805 (2008)

This can also be seen in the surface velocity and interfacial
surfactant distribution plotted in Fig. 17. However it has
stronger effect on the bulk surfactant concentration as the
surfactant released from the interface near the stagnation
point is quickly dissipated by the molecular diffusion, mak-
ing the bulk surfactant concentration more homogeneous in
the recirculation region at the back of the bubble as Pe. gets
smaller. In addition, the bulk surfactant concentration bound-
ary layer at the leading edge of the bubble gets thinner as Pe,
increases, as can be seen from the contour plots in the top
row of Fig. 16.

Finally, the effects of the interfacial Peclet number (Pe,)
are investigated for the ellipsoidal case by varying Pe, from
100 to 10* while keeping Pe. and S, fixed at 1000 and 0.5,
respectively. The contours of the constant bulk surfactant
concentration and the distribution of the interfacial surfactant
concentration are plotted in the top row of Fig. 18, while the
velocity vectors and streamlines are depicted in the bottom
row for various values of Pe,. Figure 18 shows that Pe, gen-
erally has a significant influence on the bubble dynamics.
The interface surfactant concentration becomes more uni-
form as Pe, decreases since surface diffusion counteracts the
convection of the surfactant by the surface velocity. At high
values of Pe,, the surface diffusion becomes weak and the
interfacial surfactant distribution approaches the stagnant-
cap regime. In this regime, large concentration gradient in-
duces large Marangoni stresses especially near the stagnation
point and, thus, reduces the mobility of the interface. Similar
to the large elasticity number cases, the big vortex inside the
bubble is broken to create a smaller vortex after a critical
value of Peg, i.e., about Pe,=100 in this case, and the smaller
vortex gets larger when Pe; is increased beyond the critical
value. In addition, the recirculation zone behind the bubble
gets larger as Pe, increases. The effects of Pe, can also be
seen in the surface velocity profiles and interfacial surfactant
distributions plotted in Figs. 19(a) and 19(b), respectively.
The surface velocity continuously decreases, while surfactant
concentration becomes less uniform as Pe, increases until
about Pe,=1000. After this point, Pe, does not have a signifi-
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FIG. 14. Ellipsoidal bubble. (a) Surface velocity and (b) interfacial surfactant concentration as a function of nondimensional arc length measured from the
centerline in the counterclockwise direction with B,=0.1, 0.25, 0.5, and 1.0. (Eo=10, Mo=0.001, Pe,=1000, Pe,=100, and *=67.8.)
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FIG. 15. (Color online) Ellipsoidal bubble. (a) Surface velocity and (b) interfacial surfactant concentration as a function of arc length measured from the
centerline in the counterclockwise direction for Pe.=25 (solid lines) and 1000 (dashed lines) at times r#=9.7, 28.4, 48.4, and 67.8. (Eo=10, M0o=0.001,

B,=0.5, and Pe,=100.)

cant influence on the surface mobility, interfacial surfactant
distribution, and the bubble motion, in general.

Eotvos and Morton numbers are now set to 200 and
1000, respectively, for which a clean gas bubble takes a
dimpled ellipsoidal-cap shape in an unbounded liquid in the
steady motion.' The computations are performed both for
clean and contaminated cases to show the effects of surfac-
tants in this regime. However, a parametric study is not re-
peated here and a simulation is performed for a single set of
parameters by setting Pe.=1000, Pe,=100, and B,=0.5. The
channel sizes are D=5d and L=30d, and the computational
domains of contaminated and clean cases are resolved by
256 X 3072 and 192 X 2304 uniform grids, respectively. No-
tice that the bubble is resolved by about 90 grid points in the
axial direction for this case to better resolve the skirted rear
part of the bubble. The constant contours of the bulk surfac-
tant concentration together with the surfactant concentration
distribution at the interface are plotted in Fig. 20(a), while
the velocity vectors and streamlines are plotted for the con-
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taminated and clean cases in Figs. 20(b) and 20(c), respec-
tively, at *=63.5. The streamline and velocity vectors are
again plotted with respect to a reference frame moving with
the bubble centroid and every eighth grid points are used in
the velocity vector plots. It is interesting to see that maxi-
mum interfacial surfactant concentration occurs at the back
of the bubble near the centerline and there is a high surfac-
tant concentration region in the bulk fluid in the recirculation
zone. The flow field seems not to be affected much by the
surfactant except that the tip of the skirted rear part is
slightly sharper in the contaminated case, as can be seen in
Figs. 20(b) and 20(c). The surface velocity and interfacial
surfactant concentration are plotted as a function of nondi-
mensional arc length in Figs. 21(a) and 21(b), respectively, at
times r¥=8.7, 28.9, 46.2, and 63.5 to show the time evolution
of these variables. The retardation effect of the surfactant is
again seen in the surface velocity plot in this case but the
effect is not as dramatic as that in the spherical bubble case.
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FIG. 16. (Color online) Ellipsoidal bubble. (Top row) The contour plots of the constant surfactant concentration in the bulk fluid (left side) and the distribution
of the surfactant concentration at the interface (right side) with (from left to right) Pe.=25, 100, 500, and 1000. (Bottom row) The velocity vectors and the
streamlines in a coordinate system moving with the bubble centroid. Every third grid point is used in the vector plots. (Eo=10, M0o=0.001, B,=0.5, Pe;

=100, and r#=67.8.)
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FIG. 17. Ellipsoidal bubble. (a) Surface velocity and (b) interfacial surfactant concentration as a function of arc length measured from the centerline in the
counterclockwise direction for Pe.=25, 100, 500, and 1000. (Eo=10, M0o=0.001, 8,=0.5, Pe,=100, and r*=67.8.)

The surface velocity nearly vanishes in the wake region both
in the clean and contaminated cases.

Finally, the effects on the E6tvos number are studied by
varying it from 0.1 to 30, while the other nondimensional
parameters are kept constant at Pe.=100, Pe,=100, B;=1,
D/d=15, L/d=30, and M0o=0.001. The steady Reynolds
number is plotted in Fig. 22(a) as a function of E5tvés num-
ber both for the clean and contaminated bubbles. As seen in
this figure, the contamination significantly reduces the
bubble terminal velocity at low Eotvés numbers, i.e., Eo
<1. However, the terminal velocity of the contaminated
bubble approaches that of the clean bubble for large Eotvos
numbers, i.e., Eo>20. The drag coefficient is another way to
examine the effects of the contamination on the terminal ve-
locity of the bubble. For a bubble, the drag coefficient is a

(Pe, = 1000)

function of the Reynolds, E6tvos, and Morton numbers, and
it can be deduced from the balance of forces acting on the
bubble. In a steady motion of a bubble, when buoyancy force
balances the drag force, the drag coefficient is given by4'

_4Apgd 4 Eo*?
~ 3 p, V2 3Re’Mo'?’

d (19)

where V,, is the terminal velocity of the bubble. The drag
coefficient is plotted in Fig. 22(b) as a function of the Rey-
nolds number both for the clean and contaminated bubbles
together with the experimental drag coefficients of fluid and
solid spheres. The experimental correlations are plotted for
the solid sphere when Re =< 100 and for the fluid sphere when
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FIG. 18. (Color online) Ellipsoidal bubble. (Top row) The contour plots of the constant surfactant concentration in the bulk fluid (left side) and the distribution
of the surfactant concentration at the interface (right side) with (from left to right) Pe,=100, 1000, and 10*. (Bottom row) The velocity vectors and the
streamlines in a coordinate system moving with the bubble centroid. Every third grid point is used in the vector plots. (Eo=10, Mo=0.001, Pe,=1000, B,

=0.5, and r*=67.8.)
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FIG. 19. Ellipsoidal bubble. (a) Surface velocity and (b) interfacial surfactant concentration as a function of arc length measured from the centerline in the
counterclockwise direction for Pe,=100, 1000, and 10*. (Eo=10, M0=0.001, B,=0.5, Pe,=1000, and r*=67.8.)

Re=1 as recommended by Clift et al.' As can be seen in this
figure, the drag coefficient is slightly underpredicted for the
clean bubble, while it is overpredicted for the contaminated
bubble. We observe that the drag coefficient of the clean
bubble approaches to that of the contaminated bubble at
large Reynolds numbers, i.e., Re>30. However, we have not
observed in any case that the drag coefficient of the clean
bubble exceeds that of the contaminated bubble, which is in
contrast to the insoluble surfactant simulations of Jan.*'

IV. CONCLUSIONS

The effects of soluble surfactants on the motion and de-
formation of a gas bubble rising in an otherwise quiescent
liquid contained in an axisymmetric channel are computa-
tionally studied by using a finite-difference/front-tracking
method. The Navier—Stokes equations are solved fully
coupled with the bulk and interfacial surfactant concentration
evolution equations, and the surface tension is related to the
interfacial surfactant concentration using a nonlinear equa-
tion of state based on the Langmuir kinetics. The nearly
spherical, ellipsoidal, and dimpled ellipsoidal-cap regimes
are considered and effects of governing nondimensional pa-

rameters including the elasticity number, the interfacial, and
bulk Peclet numbers and Eotvos number are investigated.

It is found that the surfactants generally increase the
drag force and, thus, reduce the terminal velocity of the
bubble. However, the retardation effect of surfactants is
stronger in the nearly spherical regime than the ellipsoidal
and dimpled ellipsoidal-cap regimes. In this regime, the
computations are performed to study the effects of confine-
ment on the terminal velocity of the clean and contaminated
bubbles. It is found that the computational results are in very
good agreement with the experimental correlations collected
by Clift et al." for the clean bubble and that the steady ter-
minal velocity of the contaminated bubble approaches that of
an equivalent solid sphere. It is also found that the surface
velocity of the contaminated bubble nearly vanishes and it
behaves similar to a solid sphere when it reaches a steady
motion. This rigidifying effect of the surfactant is also ob-
served in the velocity vectors and streamline plots. The ef-
fects of the elasticity number and the bulk Peclet number are
also examined in this regime. It is found that both parameters
have significant influence on the bubble dynamics especially
during its transient motion.

FIG. 20. (Color online) Dimpled ellipsoidal cap. (a) The contour plots of the constant surfactant concentration in the bulk fluid (left side) and the distribution
of the surfactant concentration at the interface (right side). The streamlines and the velocity vectors in a frame of reference moving with the bubble centroid

for (b) a contaminated and (c) a clean bubble at #*=63.5. Every eighth grid point is used in the vector plots. (Eo=200, Mo=1000, Pe,=1000, Pe,=100, and

B,=0.5)
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FIG. 21. (Color online) Dimpled ellipsoidal cap. (a) Surface velocity and (b) interfacial surfactant concentration as a function of arc length measured from the
centerline in the counterclockwise direction at times r#=8.7, 28.9, 46.2, and 63.5. (Eo=200, Mo=1000, Pe,=1000, Pe,=100, and 3,=0.5.)

The effects of the nondimensional numbers on the
bubble motion and deformation are examined more exten-
sively in the ellipsoidal regime. It is found that B, and Pe,
generally have a profound influence on the bubble dynamics.
Both parameters significantly change the surfactant concen-
tration distribution on the interface and, thus, alter the overall
flow structure. As 3, increases, the surface velocity signifi-
cantly decreases, the interfacial surfactant concentration be-
comes more uniform, and the terminal velocity decreases.
The bubble deformation first decreases with increasing S,
due to increasing rigidity of the interface, i.e., until 8,<<0.5,
but it starts increasing when S, is further increased due to
overall reduction in surface tension. The flow structure is
also significantly affected by B;. A big vortex is created in-
side the bubble when f; is small, i.e., 8,=<0.5 and is broken
into two smaller vortices when B, is increased beyond a criti-
cal value. In addition, the wake region behind the bubble
gets larger as (B, increases. Pe; also has significant influences
on the bubble motion. The interfacial surfactant concentra-
tion becomes less uniform and, similar to S3;, the big vortex
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inside the bubble is broken into two smaller vortices and
wake region is enlarged as Pe; is increased. We found that
Pe, does not have a big influence on the bubble motion in the
ellipsoidal regime in the range studied in this paper, i.e., 25
=<Pe.=1000. Nevertheless the interfacial surfactant distribu-
tion slightly increases and, thus, the surface velocity is re-
duced as Pe, increases.

The retardation effect of the surfactant is also observed
in the dimpled ellipsoidal regime but it is weaker than those
in the spherical and ellipsoidal cases. The maximum interfa-
cial surfactant concentration occurs at the back of the bubble
near the axis of the symmetry. A high surfactant concentra-
tion core is created in the recirculation region in the bulk
fluid and it sustains over the time due to continuous supply
of surfactant released from the interface.

We also found that the drag coefficient of the clean
bubble is slightly overpredicted compared to the experimen-
tal correlations, while it is underpredicted for the contami-
nated bubble compared to the experimental data measured
for an equivalent solid sphere. In addition, it is found that the

® Clean

A Contaminated
- - -Fluid Sphere
—— Solid Sphere

FIG. 22. (Color online) Effects of the Etvés number on the motion of the clean and contaminated bubbles. (a) The steady Reynolds number vs the Edtvos

number. (b) The drag coefficient vs the Reynolds number.
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drag coefficient of a clean bubble approaches that of the
contaminated bubble at large Reynolds numbers, i.e.,
Re>30.
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